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This Lecture

Topics:
@ Orthogonal projection onto an affine space

@ Orthogonal projection onto hyperplanes
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Announcements:

@ Quiz today!
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Section 1

Orthogonal projection using KKT conditions
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Recall: Orthogonal projection

Definition (Recall: Orthogonal projection operator) d(y,C) = min |[x -y

Given a nonempty closed convex set C, the orthogonal = [|Pc(y) — (%)

N
projection operator Pc : R” — C is defined by %O C
l Po(y)

Pc(y) = argmin|jx —y||? : x € C.

@ Returns the vector x in C that is closest to input vector y.

@ Is a convex optimization problem:

min [|jx — y||?
st. xegC.
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Orthogonal Projection onto an Affine Space with KKT conditions

Let C be an affine space
{x € R": Ax = b},

where A € R™" and b € R™.
Assume that the rows of A are
linearly independent.

Given y € R", find Pc(y) which is the
solution to the optimization problem

min [x - y||?
X

st. Ax=b.
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@ The Langrangian simplifies to
L(x, 1) = [Ix = y|I* + p (Ax = b),

for p € R™
@ The KKT stationarity conditions are:

Vil(x, 1) =2x—2y+ AT =0
@ Solving with Ax = b gives

Pc(y) =y —AT(AAT) H(Ay — b)
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Orthogonal Projection onto a hyperplane with KKT conditions

Given a hyperplane
H={xcR":a'x=b}.

Given y € R”, find Py(y) which is the
solution to the optimization problem

min [x — y||?
X

st. xeH
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@ Special case of orthogonal projection onto an
affine space with A=a' and b = b.

@ Replacing in the previous solution gives

Pu(y)=y—a(a'a)"'(a'y — b)
aly—b
= y —_ —a
|a]|?
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