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Topics covered

@ Definite matrices and their
eigenvalues

@ Second order optimality conditions

Dr. Munch (MSU-CMSE) 2-2

Fri, Jan 23, 2026

2/11



Section 1

Definite matrices and their eigenvalues
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Positive definite matrices

Definition

A symmetric matrix A € R"™" is

positive semidefinite A >0 if xTAx > 0 for every x € R”
positive definite A >0 if x" Ax > 0 for every x # 0 in R”
negative semidefinite A <0 if x Ax <0 for every x € R”
negative definite A <0 if x” Ax < 0 for every x # 0 in R”
indefinite if there is an x € R” such that x” Ax > 0
and a y € R" such that yTAy < 0

Book always assume that a positive/negative definite/semidefinite matrix is symmetric.
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Eigenvalue characterization theorem

Theorem

For a symmetric matrix A € R™", it is

positive semidefinite if and only if all eigenvalues are nonnegative (> 0)
positive definite if and only if all eigenvalues are positive (> 0)
negative semidefinite if and only if all eigenvalues are nonpositive (< 0)
negative definite if and only if all eigenvalues are negative (< 0)
indefinite if and only if it has at least one positive and

one negative eigenvalue
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Diagonal entries

Lemma

For a symmetric matrix A € R™",

if positive semidefinite then all diagonal entries are nonnegative (> 0)
if positive definite then all diagonal entries are positive (> 0)
if negative semidefinite then all diagonal entries are nonpositive (< 0)
if negative definite then all diagonal entries are negative (< 0)
if indefinite then 77777

Warning: You cannot conclude positive/negative definiteness by checking the diagonal entries!
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Section 2

Second order optimality condition
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Second order optimality condition

Recall first order optimality condition

Recall: First order optimality condition

Let f : U — R be a function defined on U C R".
Suppose x* € int(U) is a local optimum (minimum or maximum) point and
that all partial derivatives of f exist at x*.

Then V£(x*) = 0.
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Second order optimality condition

Theorem (Second order optimality condition)

Let f: U — R be twice continuously differentiable on an open set U C R".
Let x* be a stationary point of f (i.e., Vf(x*) =0).
Then:
@ Necessary optimality conditions:
If x* is a local minimum, then V2f(x*) = 0 (positive semi-definite)
If x* is a local maximum, then V2f(x*) < 0 (negative semi-definite)
o Sufficient optimality conditions:
If V2f(x*) = 0 (positive definite), then x* is a strict local minimum
If V2f(x*) < 0 (negative definite), then x* is a strict local maximum
o Saddle point:

If V2f(x*) is an indefinite matrix, then x* is a saddle point.
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Groups - Round 1

Group 1 Group 4
Jonid M. Jay B.
Sanskaar M. Maye B.
Andrew B. Jamie L.
Zheng Y. Kyle S.
Group 2 Group 5
Abigail P. Aaron N.
Braedon P. Purvi G.
Vinod R. Morgan F.
Aidan S. Breena K.
Group 3 Group 6
Luis C. Brandon G.
Tianjian X. Dominic V.
Lowell M. K M Tausif S.
Arjun R. Anthony K.
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Group 7
M.A. Mahin
Dan E.

Quang Minh D.

Ha N.

Group 8
Lora S.
Jack C.
Noah M.
Michal T.

Group 9
Atticus B.
Shanze O.
Joseph M.
Arya S.
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Group 10

Scott W.
Karen S.
Dev A.
Dori C.

Group 11
Saitej B.
Jake R.
Alice S.
Long N.

Group 12
Lauryn C.
Sai P.
Yousif E.
Igor A.J.
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Next time

@ Check course webpage for videos
and reading for next class

o Office hours posted on the
course webpage
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