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Worksheet 9-1: Q1
Consider the problem

min  f(x) = —z122, s.t. e x=1, where el = [1 1] ,
x=(1,22)

The feasible set for this problem is U = {x € R?:e'x =1} = {x € R" : 1 + x5 = 1}.

1. Take a look at this desmos plot. What is the blue surface? What is the red line? What is

the green line? Move the slider for a around, what is the grey point?

e The blue surface is the function f(x).
e The red line is the constraint set, U
o The green line is the function restricted to U.

e The grey point is a point on the function. So the height of this thing is what we’re trying
to minimaze.

2. Based on the plot, does this appear to be a convex problem?

The constraint set is a line x1+x2 = 1, so it is convex. While the function f(x1,x2) = —x122
s a saddle, and so is not convex, the restriction to the line x1 + xo = 1 is indeed convex.
That means this is actually a convex problem.

. Let’s find the solution without using the stationarity condition first. For a point x = (z1,z2) €
U, write down x in terms of just 1. Then write down f(x) restricted to U in terms of just
xq.

e SincexeU, x1+x0=1, soxg=1— 2.
e Sox=(x1,1 —x1).

e This means that in U, f(x1,x2) = f(z1,1 —x1) = —21(1 —21) = —21 + If

. Great, this is a function in one variable! Find the minimum. Use this to determine the
minimum for the problem. Move the grey point in the desmos plot to check your answer.

d - ) N o
o i (—x1(1—mx1)) = -1+ 2z
e The derivative above is 0 if —1 + 2x1 = 0, so the minimum is at x1 = 5

e Going back to the original problem, this means the minimum occurs at (% 1— %) = (é %)


https://www.desmos.com/3d/mpznm9iv2m

5. Let’s go back and understand the stationarity condition for this problem. First, what is

Vf(l‘l,fl,‘g)?
Vf(ll’fl ) 12) _ |:.('2}
—X1

6. We'll start with a point that isn’t a stationary point and show that the stationarity condition
doesn’t hold. For the point x* = (0,1) and some other point x = (z1,22) € U, write down
the stationarity condition we would check. Put it in terms of only x;.

Vix*)' (x—x*)>0

(=1,0)T(xy —0,(1 —21) = 1) >0
(=1,0) " (21, —21) >0

—x1 >0

7. To show that x* = (0, 1) is not a stationary point, use your calculation above to find a point
x € U that does not satisfy the stationarity condition.

Any point (x1,1 — x1) with x1 > 0 will work. So, for example, choose (7,—6). This point
18 in the set U since the sum of the coordinates is 1. However, when we plug it into the
stationaryity condition,

V]L(X) I (X - X*) — g = 7

so it is not > 0. This means x* = (0, 1) is not a stationary point.



8. Now, we’ll do this for x* which gives the minimum that you found on the first page, which

should have been x* = (%, %) For x* equal to that point, what is V f(x*)?

1
. — ¢ i1 /e -5

v,f(l"lﬁ;l"?) - |:If:| Vf<l/21/2) - {f:|

9. Say we have some point x = (z1,22) € U. Write the stationarity condition for this problem
we would check for x* found above in terms of only ;. Is there any possible x € U that does
not satisfy the stationarity condition?

This turns into 0 > 0 which is always true. So no matter what x is chosen 0 is always >
0, so it trivially satisfies the stationarity condition. That means the point x* = (71 71)

2072
1S a stationary point.

Of course we knew it was going to be a stationary point because it’s a minimum of a
convex problem.



Worksheet 9-1: Q2
Let’s extend the example above to the more general case. Consider the optimization problem

min f(x), s.t. e'x=1, WhereeT:[l 1 ... 1},
X

where f is a continuously differentiable function over R™. The feasible set for the problem is

U:{XGR":eTx:l}:{XGR":inzl}.

i=1
We will show that the stationarity condition here, namely
V)T (x —x*) >0 for all x satisfying e'x = 1 (1)
is satisfied when of o7 o7
9, ) = g (X) == 5= (x7) (2)

1. First, go back to the previous problem. Check that the solution you found for x* satisfies the
second condition above (Eqn. 2).

2. Now we will check that if Eqn. 2 is true, then Eqn. 1 is true. Say that every entry in V f(x*)
is a (so this is all the things in Eqn. 2). Simplify Vf(x*)T(x — x)* as much as possible.

3. Why does the result above imply that x* is a stationary point?



Worksheet 9-1: Q3
Consider the convex optimization problem

min 222 + 3y2 +42% + 20y — 2xz — 8x — 4y — 2z, s.t. z,y,z2 > 0.
w7y7z

(a) What is the gradient of f(x) = 222 + 3y? + 422 + 2zy — 2x2 — 8z — 4y — 227
dx 4+ 2y — 22 — 8
Vf(x)= 6y + 22 — 4
8z — 2z — 2

(b) Fix x* = (1—77, 0,%). What is Vf(x*)? Is x* a stationary point of the function f?

4.2 4+2.0-2.8-38 0
Vi) = 6-0+2-17 -4 = |8
8-272~¥—2 0

Since V f(x*) is not 0, this point is not a stationary point of the function.

(c) Show that the vector (1,0, ) is a stationary point of the problem.
To show that it is a stationary point of the problem, we need to check that for any x in the
constraint set,

Vi) (x—x*) >0.

The point x = (x,y, z) is in the constraint set if x,y,z > 0.
We calculate that

17
, T — - B
Vix)T(x—x)=[0 & 0] v - 0] =0 (z—-F)+2-(y+0-(2—-%) =2y

Since to be in the set, y > 0, this means that V f(x*)T (x —x*) > 0, which is the definition of
being a stationary point of the problem.



(d) Find the first iteration of the gradient projection method starting with xo = (1,1,1), and
using a constant step size 0.5.

e The equation for the gradient projection algorithm update step is
xp 1 = Po(xp — tp Vf(x)).

o For k=0, this is &1 = Pco(xo — toV f(x0)).
e We have constant step size, so tg = 0.5.

e We have x9 = (1,1,1). From above, we know V f so we can calculate:

Az + 2y — 22 — 8 4+42-2-38 —4
Vix)=| 6y+20—-4 |, VfLLL)=]| 6+2-4 | =|4
8z — 2w —2 | 8—2—-2 4
e So -
1 ) 1—(—2) 3
XO*tUVf(XU) =|1{ —-0.5- 4 — 1—-2 =|-1
1] 4 1-2 ~1

e In this problem, the constraint set C = {(x,y,z) | z,y,z > 0} = Ri. From the projection
class earlier, we know that Prs (x) = [x] .

e So,

3
Ir = Pc(XO — ton(Xo)) = -1 = |0
0



