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This Lecture

Topics:
Definition (vid),
First order characterization (vid),
Second order characterization (vid),

Operations preserving convexity

» Scaling, Summation, and Affine
transformation (vid),

» Composition (vid),

» Point-wise maximum (vid)
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Section 1

Definition of Convex Function
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Definition of convex functions

Definition
A function f : C — R defined on a convex set
CcR"is

@ convex if and only if

F(x 4+ (1= N)y) <AF(x) + (1 = Nf(y)
Vx,y € C,\ € [0,1].

@ strictly convex if and only if

F(Ax+ (1= A)y) < Af(x)+ (1 — N)f(y)
Vx#£ye C,\Ae(0,1).

Not_conve

Not X
" Strictly convex ]
convex functions
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Jensen inequality

Theorem

Let f : C — R be a convex function.

Then we have

f (i >\ixi> < z’”: Aif (x;)
i—1 -1

if A€ Ay and x1,X%2, ..., Xy, € C.

@ A= (A1,...,Am) € Ap, means
A
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i >0forall iand Y7, N\ =1.

Z Aif(@i), 2o A =1
= conv({f(rl) f(x2), f(z3)})

(21, f(21)) ( (z2, f(22))
) Z Xii), > A =1

= / (011\({ 1, T, T3})

(37 7f(7“3))

T1 4 \ T3 T2
DAz, A =1
i=1

conv({xy, o, x3})
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Example: Affine functions are convex

Example: Is the function (called affine function) f(x) =a'x + b, where a € R” and b € R
convex?

Answer:

Recall: A function f : C — R defined on a convex set C C R" is convex if and only if
FAX+(1—=XN)y) <A () + (1= XN)f(y), Vx,ye C,Ae[0,1],>;Ai=1.
fOx+(1—=Ny)=a' (Ax+(1—=Ny)+b
=Xa'x+ (1 —=Na'y+b(but b= b+ (1 )\)b)
=Xa'x+(1—-XNa'y+ b+ (1-2\)b
=AMa'x+b)+(L-N)(a'y+b)
= M (x) + (1 MF(y)

So an affine function is convex.
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Section 2

First order characterization
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The gradient inequality

Theorem
If f : C — R is continuously differentiable then:
o f is convex if and only if f(y) > f(x) + VFf(x) " (y — x),¥x,y € C.
o f is strictly convex if and only if f(y) > f(x) + VFf(x) (y — x),¥x #y € C.

The tangent hyperplanes of convex functions are always underestimates of the function.
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Stationarity under convexity

Theorem

Given a continuously differentiable convex function f : C — R over convex set C C R".
e If Vf(x*) =0 for some x*, then x* is a global minimizer.
e If C =R", then Vf(x*) =0 if and only if x* is a global minimum of f over R".

y

—0 ’
convex and V f(x CCR
= x* is global minimum. Global minimum exists C' =R = No global minima
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Convexity of quadratic functions

Theorem

Let f : R" — R be the quadratic function given by
f(x) =xTAx +2b"x + ¢, where A € R"™" js
symmetric, b € R", and c € R. Then:

tsbsosnss

@ f is convex if and only if A > Q.

e f is strictly convex if and only if A > 0. ) [1 0}
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Monotonicity of the gradient

Theorem

If f : C — R is continuously differentiable over the convex set C C R". Then f is convex over
C if and only if

(VF(x) = VF(y)) (x—y) >0V¥x,y e C
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Section 3

Second order characterization
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Second order characterization

Theorem

Let f be a twice continuously differentiable function over an open convex set C C R".
e f is convex over C if and only if V?f(x) = 0 for any x € C.
o If V2f(x) = 0 for any x € C, then f is strictly convex over C.

flx) =22 flx)=¢" f(z)=¢" f(z) = —Inz f(z)=zlnz flx) =a4
—5 5/
2 5
0 0 0
Strictly Convex Strictly Convex Strictly Convex Strictly Convex Strictly Convex
Vf(z) =2z e’ e” Over z € Ry Over z € Ry Vf=da®
V2 f(x) =2 Vf(x): e —e Vf(x)=-1/z Vf(x)=Inz+1 V2f = 1222
V2f(x): e®  e" V2 f(x)=1/2? Vif(z)=1/x V2f(0) =0
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Section 4

Operations Preserving Convexity
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Convexity under summation and multiplication by non-negative scalars

Theorem

@ Let f be a convex function defined over a convex set C C R" and let « > 0. Then of is
a convex function over C.

@ Let fi,f,...,f, be convex functions over a convex set C C R". Then the sum function
fp+f+---+f, is convex over C.

(o= 2 T
\ 4 f(./l;) = 2.’1;2 / \ ]t (J/) €x + €

W e =
1 ]

2N
1~
b
~
\
.
-
|
1

e
N
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Convexity under affine change of variables

Theorem

Let f : C — R be a convex function defined on a convex set C CR". Let A € R™"™ and
b € R". Then the function g defined by

g(y) = f(Ay +b)

is convex over the convex set D = {y ¢ R™: Ay +b € C}.

f(@) = exp (z +y)

is convex

f(z) = exp 3z + 2y)
also convex
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Convexity under composition

Is convexity preserved under composition? Not always!
gx) = x* hx) = x* 4 g(h(x)) = (x* - 4
(convex) (convex) (NOT convex)

g(x) = exp(x) h(x) = x? g(h(x)) = (exp (x))?
(convex) (convex) (Convex)

\ /

Tt
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Monotonic function

Definition
A function f : | — R where | C R is called:
@ Increasing if for x < y we have f(x) < f(y) for all x,y € I.
e Non-decreasing if for x < y we have f(x) < f(y) for all x,y € .
e Decreasing if for x < y we have f(x) > f(y) for all x,y € I.
e Non-increasing if for x < y we have f(x) > f(y) for all x,y € I.

Increasing [Non-decreasing| Decreasing [Non-increasing

I T

. A A A J
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Convexity under composition with a non-decreasing convex function

Theorem

Let f : C — R be a convex function over the convex set C CR". Letg: | — R be a

one-dimensional nondecreasing convex function over the interval | C R. Assume that
f(C) C 1. Then g(f(x)), x € C, is a convex function over C.

g(x) = exp(x) h(x) = x? g(h(x)) = (exp (x))?
(convex) (convex) (Convex)

s0=x ) = £(h(x)) = (= ~ 47
(convex) (convex) (NOT convex)
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Pointwise maximum preserves convexity

Theorem

Let f,...,f, : C — R be p convex functions over the convex set C C R". Then the maximum
function f(x) = max;=1,. p fi(x) is a convex function over C.

h(z) = max;—1 2 ({f(x),9(x)})

\ .
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Groups - Round 3

Group 1
Lowell, Tianjuan,
Lauryn, Atticus
Group 2
Alice, Aidan, Dev,
Anthony
Group 3
Abigail, Michal, Breena,
Andrew

Dr. Munch (MSU-CMSE)

Group 4
Kyle, Vinod, Dori,
Joseph

Group 5
Yousif, Jamie, Jay, K.-M
Tausif
Group 6

Shanze, Saitej, Karen,
Jack
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Group 7
Arjun, Noah, Luis, Arya
Group 8
Morgan, Jonid,
Sanskaar, Jake
Group 9
Quang Minh, Monirul
Amin, Daniel, Ha

Group 10
Braedon, Dominic,
Zheng, Lora
Group 11
Sai, Brandon, Purvi,
Aaron
Group 12
Igor, Scott, Maye, Long
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