Name: Present group members:

For each of the following problems:

(i) Show that the problem is convex or not conver.
(i) Prove that there exists an optimal solution to the problem.

(iti) Determine a solution strategy (e.g., where in the flow chart you need to go) and check any
additional requirements in order to apply the KKT conditions (e.g. Slater’s condition or
reqularity).

(iv) Are the KKT conditions necessary? Sufficient?

Once you have done the above for each problem, go back and use the KKT conditions to find
the optimal solution of each problem. Note you will often need to use cases (A\j =0 vs. A; > 0) to
find the KKT points. Use Desmos to check your answer.




min  x] — 223 — o
st. xi4a5+29<0

Hint: the constraint can also be written as z7 + (.’L‘2 + %)2 — (%)2 <0.

o Converity:

— The objective function is not convex because its Hessian is

1222 0
0 —4

and this is indefinite for some values of x (e.g. x1 =1).
— The constraint is convex because it is the sum of three conver functions: z%, 3 and
a linear function xo. The other version of the constraint is helpful to see that the

feasible region is a closed ball of radius § in R? centered at (z,y) = (0,—3).

o FEuxistence of optimal solution: The problem consists of minimizing a continuous
function over a nonempty compact set, so the minimizer exists (by the Generalized
Extreme Value Theorem (GEVT), see Theorem 2.30 in the textbook).

e Solution Strategy: The problem is not convex, so we don’t know that the KKT condi-
tions are sufficient for optimality. However, the constraints are convex so we can check
Slater’s conditions. In this case, our inequality constraint is convexr but not affine, so we
need to check if there exists a point X that strictly satisfies the inequality constraint. In
this case, anything on the inside of the ball would work, so we can just pick the center
of the ball (0, —%) as our representative point. This means the problem satisfies Slater’s
condition, so KKT conditions are necessary for optimality. This means that we can find
the optimal solution by finding the KKT points and checking which one is optimal.

e Solving for the KKT points:
(a) The Lagrangian for this problem is

L =21 — 223 — 29 + M} + 23 + 22)

VI — 423 + 221 ‘
—4xg — 14+ 2 x9 + A

and

The KKT conditions are
4o + 2 x1 =0
—4xo — 142X 29+ A =0
Max? 423 + 29) =0
A>0
2 2
i+ +22<0
(b) Case 1: \ = 0. From the first equation of stationarity, 4x3 = 0, which implies
x1 = 0. From the second equation of stationarity, —4xe — 1 = 0, which implies
To = —i. The point (0, —%) satisifes all of the KKT conditions (generally, you need

to check that you can plug in the point without getting the contradiction that A < 0)
so it is a KKT point.



(c) Case 2: X\ > 0. In this case, because A(z3+x3+x2) = 0, we get that x3+a3+x2 = 0.
From the 1st equation we get x1(4x%—|—2)\) = 0. Ifx1 = 0, then we get that ¥3+1x3 = 0
so xg = 0 (and then 1 = 0) or x9 = —1 (and 1 = 0). Finally, if z1 # 0, then
42% + 2\ = 0. This implies that x? = —%, which implies X < 0, a contradiction.

(d) Therefore the KKT points are (0,—3), (0,—1), and (0,0).

(e) Plugging the KKT points into the original equation,

1 7
FO, - =15
f(0,-1) =—1

£(0,0)=0

so the optimal solution is obtained at (0,—1).

o See this desmos to check the solution.


https://www.desmos.com/3d/tccrhhevxk

min 2x1 + o
st. 4x? 23 -2<0
41+ 29 +3 <0

o Convexity:

— The function is affine, hence convex.

— The feasible region is the intersection of a filled-in ellipse and a half plane; therefore,
it is convex. The first inequality is convexr but not affine, while the second one is
affine (thus also convex). The intersection of conver sets is convex, so the feasible
TEGLON 1S CONVELT.

— So, the problem is convex.
e FExistence of optimal solution: The problem consists of minimizing a continuous

function over a nonempty, compact set, so the minimizer exists (by the Generalized
Ezxtreme Value Theorem (GEVT), see Theorem 2.30 in the textbook).

e Solution Strategy: The problem is convex, so the KKT conditions are sufficient for
optimality. Because we know that an optimal point exists and thus must be one of the
KKT points, we can find the optimal solution by finding the KKT points and checking
which one is optimal.

While not necessary for finding the solution, to see if the KKT conditions are also
necessary, we need to check if the problem satisfies Slater’s condition. In this case, we
need to find a point X that strictly satisfies the first inequality (although we can ignore
the second since it’s affine). For example, the point (—0.6,—0.6) strictly satisfies the
first inequality, so Slater’s condition is satisfied. Therefore, KKT conditions are also
necessary for optimality.

e Solving for the KKT points:
(a) The Lagrangian is

L =2z + 2o + M\ (422 + 23 — 2) + Mo(4zy + 22 + 3)

and

o 2+8/\1:131+4)\2
Vi (14—2)\1»’624—)\2)'

The KK'T conditions are
2+ 8\x1+4X =0

1+2MNz2+ X2 =0
MUAzi+22-2)=0
Xo(4dx1 +22+3) =0
42 422 -2<0
dr1 +x2+3 <0
A1, A2 >0

(b) Case 1: Ay =0, 2 = 0. From the first equation of stationarity, 2 = 0, which is a
contradiction. So there are no KKT points in this case.



(c¢) Case 2: \; >0, 2 = 0. Replacing Ay = 0, the stationarity equations become

2 + 8)\1331 =0
1+ 2 29 = 0.

Solving for 1/ A1 (which we are allowed to do because A1 # 0) from the above equations

gives
1

A

so x9g = 2x1. Because A1 > 0, the complementary slackness condition implies that

= —41’1 = —21‘2

4o + 23 -2 =0.
Then we plug in xo = 2x1 into the above equation to get 8z% —2 =0, so 23 = i and
hence 1 = +4. This means the possible points are (—%,—1) and (3,1).

— Checking the point (—%, —1), plugging into the stationarity equations gives A\; =
% and Ao = 0, which is consistent with the assumption from this case. So
(—%, —1) is a KKT point.

— Checking the point (%, 1), plugging into the stationarity equations gives Ay = f%
and Xy = 0, which contradicts the fact that A1 > 0. So (3,1) is not a KKT
point.

So the only KKT point in this case is (—%, —1). Note that since we know that the
KKT conditions are sufficient for optimality, this means that (—%,—1) is the
optimal solution. However, we will still check the other cases to see if there are
any other KKT points (which would also be optimal) and to practice solving for

KKT points in different cases.
(d) Case 3: \; =0,\a > 0. Replacing \1 = 0, the stationarity equations become

1+ X =0.
From both equations, As = —1. Howewver, this contradicts the fact that Ao > 0, so

there are no KK'T points in this case.

(e) Case 4: A1 > 0,y > 0. In this case, the complementary slackness conditions
imply that 4x% + 2% — 2 = 0 and 41 + x9 + 3 = 0. Solving for x1 and xo from these
equations gives the points (—0.7,—0.2) and (—0.5,—1).

— For the point (—0.7,—0.2), plugging into the stationarity equations and solving
for A, \o gives \{ = f% and o = fg, which contradicts the fact that A\, Ao > 0.
So (—0.7,-0.2) is not a KKT point.

— For the point (—0.5,—1), plugging into the stationarity equations gives \y = %
and Ny = 0, which breaks the assumption from this case. So (—0.5,—1) is not a
KKT point.

So there are no KKT points in this case.

o The solution can be seen al this desmos.


https://www.desmos.com/3d/iiz0zlyjju

min xi’ + w%

st. x?4a5<1

Convexity: The objective function is not convex because its Hessian is
61’1 0
0 61‘2
which is indefinite for some values of x (e.g. x1 = —% and Ty = %) The constraint is

convex because it is the sum of two convex functions: x3 and x3. Note that the constraint
set is the unit disk (including the interior) in R%. So the problem is not convexr.

FExistence of optimal solution: The problem consists of minimizing a continuous
function over a nonempty, compact set, so the minimizer exists (by the Generalized
Ezxtreme Value Theorem (GEVT), see Theorem 2.30 in the textbook).

Solution Strategy: The problem is not convex, so we don’t know that the KKT con-
ditions are sufficient for optimality. However, the constraint is convex so we can check
Slater’s conditions. In this case, our inequality constraint is convex but not affine, so
we need to check if there exists a point X that strictly satisfies the inequality constraint.
The origin (0,0) works for this, so the problem satisfies Slater’s condition, and thus
KKT conditions are necessary for optimality. This means that we can find the optimal
solution by finding the KK'T points and checking which one is optimal.

Solving for the KKT points:
(¢) The Lagrangian is L = z3 + 3 + A(2? + 23 — 1).

(323 4 211
Vi <3x% + 2z

Therefore the KKT conditions are

322 + 22Xz =0
325 4+ 2 \x9 =0
M2 +23-1)=0
x3 +a3 <1

A>0

(¢c) Case 1: X\ = 0. By plugging A = 0 into VL, we get that 323 = 323 = 0. Thus
Ir] = X9 = 0.

(c) Case 2: X\ > 0. By the complementary slackness condition, this implies that
2?2 + 22 = 1. From the first equation in VL, we get that x1(3x1 +2)\) = 0 and from
the second equation we get that xo(3xo + 2X) = 0. This leads us to 4 subcases:

— Subcase 1: 1 =0
In this case, xo = +1. Plugging xo = 1 into the second equation in VL results
in a negative value for X, a contradiction. So only (0,—1) is a KKT point.

— Subcase 2: 1o =0
In this case, x1 = £1. Plugging x1 = 1 into the first equation in VL results in
a negative value for A, a contradiction. So only (—1,0) is a KKT point.



— Subcase 3: x1,19 # 0
In this case, 3x1 + 2\ = 3x2 + 2X = 0 and , so that 1 = xo = %2)‘ Thus

2 (ﬁ> =1 and hence \*> = % Because A > 0, this implies that A = %' s

9
2 1

¢) So the KKT points are (0,0), (0,—1), (—1,0), and (——=,—-L). Checking the
V2 V2
function values at these points, we get

£(0,0)=0
0,—-1) = —1
(-1,0) = —1

f
f
1) -3
so the optimal solution is obtained at (0,—1) and (—1,0), which both give the same
optimal value of —1.

The solution can be seen at this desmos.


https://www.desmos.com/3d/dinutgn5mk

min lel - w%

st. z24a5<1
2004+ 1 <0

e Convexity: The objective function is not convexr because its Hessian is

1222 0
0 -2

which is indefinite for some values of x (e.g. x1 = 1). The first constraint is convex
because it is the sum of two convex functions: x3 and 3. The second constraint is conver
because it is affine. The intersection of convex sets is convex, so the feasible region is
convex. So the problem is not conver.

e FExistence of optimal solution: The problem consists of minimizing a continuous
function over a nonempty, compact set, so the minimizer exists (by the Generalized
Eztreme Value Theorem (GEVT), see Theorem 2.30 in the textbook).

e Solution Strategy: This is not a convex problem, but the constraints are convex, so we
can check Slater’s condition. In this case, we need to find a point X that strictly satisfies
the first inequality (although we can ignore the second since it’s affine). For example, the
point (—0.6, —0.6) strictly satisfies the first inequality, so Slater’s condition is satisfied.
Therefore, KKT conditions are necessary for optimality. This means that we can find
the optimal solution by finding the KK'T points and checking which one is optimal.

e Solving for the KKT points:

— The Lagrangian is
L=af—xi4+ M(x? 4+ 25— 1)+ (220 + 1)

Then

VI — 4.%'513 + 2)\11‘1
=211 + 2120 + 2

Therefore the KKT conditions are

4x:13+2)\1x1 =0
—2x1 4+ 2 129 + 2X0 =0
Mz +23-1)=0
)\2(21‘2+1) =0
zi+ 23 <1
209 +1 <0
A, A2 >0

— Case 1: A\ =0, 2 =0 Plugging A\1 = Ao = 0 into the gradient of the Lagrangian
gives x1 = xo = 0. Howewver, this point violates the constraint 2xo + 1 <0, so it is
not a KKT point.



— Case 2: A\ = 0, o > 0 In this case, from the second complementary slackness
condition, 2x9 +1 =0, and hence xo = —%. Howewver, plugging this into the second
equation of VL results in a negative value for Aa, a contradiction.

— Case 3: Ay > 0 From the first equation in VL, 3:1(43:% +2\) =0. Ifx1 # 0,
then 4z% + 2\1 = 0. However, this implies that \; would be negative since 4x% >
0, a contradiction. So x1 = 0. By the first complementary slackness condition,
274+ 23 -1 =0 s0o 23 = +1. z9 = 1 violates one of the original constraints, so
(0, —1) is the only KKT point.

— Qwerall, the only KKT point is (0,—1), and since the KKT condition is necessary,
this means the optimal solution must be at (0, —1).

o The solution can be seen al this desmos.


https://www.desmos.com/3d/d3b6reklwa


$\lambda _i = 0$


$\lambda _i > 0$


\begin {equation*}\begin {aligned} \min &\quad x_1^4-2x_2^2-x_2\\ \text {s.t.} & \quad x_1^2+x_2^2+x_2 \leq 0 \end {aligned}\end {equation*}


$x_1^2 + \left (x_2+\frac {1}{2}\right )^2 - \left (\frac {1}{2}\right )^2 \leq 0$


\begin {equation*}\begin {bmatrix} 12x_1^2 & 0\\ 0 & -4 \end {bmatrix}\end {equation*}


$\mathbf {x}$


$x_1=1$


$x_1^2$


$x_2^2$


$x_2$


$\tfrac {1}{2}$


$\mathbb {R}^2$


$(x,y)=(0,-\tfrac {1}{2})$


$\hat {\mathbf {x}}$


$(0,-\tfrac {1}{2})$


\begin {equation*}L = x_1^4-2x_2^2-x_2+\lambda (x_1^2+x_2^2+x_2)\end {equation*}


\begin {equation*}\nabla L = \begin {pmatrix} 4x_1^3+2\lambda x_1\\ -4x_2-1+2\lambda x_2+\lambda \end {pmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} 4x_1^3+2\lambda x_1 &=0\\ -4x_2-1+2\lambda x_2+\lambda &=0\\ \lambda (x_1^2+x_2^2+x_2) &=0\\ \lambda &\geq 0\\ x_1^2+x_2^2+x_2 &\leq 0 \end {aligned}\end {equation*}


$\fi \collect@body \wrap  \lambda = 0 \end {temp@env}\check@icr \expandafter \egroup \fi . From the first equation of stationarity, \( 4x_1^3 = 0 \), which implies \( x_1 = 0 \). From the second equation of stationarity, \( -4x_2 - 1 = 0 \), which implies \( x_2 = -\frac {1}{4} \). The point$


$\fi \collect@body \wrap  4x_1^3 = 0 \end {temp@env}, which implies \( x_1 = 0 \). From the second equation of stationarity, \( -4x_2 - 1 = 0 \), which implies \( x_2 = -\frac {1}{4} \). The point \tag_socket_use:n {math/end}$


$\fi \collect@body \wrap  x_1 = 0 \end {temp@env}. From the second equation of stationarity, \( -4x_2 - 1 = 0 \), which implies \( x_2 = -\frac {1}{4} \). The point \tag_socket_use:n {math/end}\tag_socket_use:n {math/end}$


$\fi \collect@body \wrap  -4x_2 - 1 = 0 \end {temp@env}, which implies \( x_2 = -\frac {1}{4} \). The point \tag_socket_use:n {math/end}\tag_socket_use:n {math/end}\tag_socket_use:n {math/end}$


$\fi \collect@body \wrap  x_2 = -\frac {1}{4} \end {temp@env}. The point \tag_socket_use:n {math/end}\tag_socket_use:n {math/end}\tag_socket_use:n {math/end}\tag_socket_use:n {math/end}$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}(0, -\frac 14)$


$\lambda < 0$


$\fi \collect@body \wrap  \lambda > 0 \end {temp@env}\check@icr \expandafter \egroup \fi . In this case, because$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\lambda (x_1^2+x_2^2+x_2)=0$


$x_1^2+x_2^2+x_2 = 0$


$x_1(4x_1^2+2\lambda ) = 0$


$x_1 = 0$


$x_2^2+x_2 = 0$


$x_2 = 0$


$x_1 = 0$


$x_2 = -1$


$x_1=0$


$x_1 \neq 0$


$4x_1^2+2\lambda =0$


$x_1^2 = -\frac {\lambda }{2}$


$\lambda \leq 0$


$(0, -\frac 14)$


$(0,-1)$


$(0, 0)$


\begin {equation*}\begin {aligned} f(0, -\frac 14) &= -\frac {7}{16}\\ f(0, -1) &= -1\\ f(0, 0) &= 0 \end {aligned}\end {equation*}


$(0,-1)$


\begin {equation*}\begin {aligned} \min &\quad 2x_1+x_2\\ \text {s.t.} & \quad 4x_1^2+x_2^2-2 \leq 0\\ & \quad 4x_1+x_2+3 \leq 0 \end {aligned}\end {equation*}


$\hat {\mathbf {x}}$


$(-0.6, -0.6)$


\begin {equation*}L = 2x_1+x_2+\lambda _1(4x_1^2+x_2^2-2)+\lambda _2(4x_1+x_2+3)\end {equation*}


\begin {equation*}\nabla L = \begin {pmatrix} 2+8\lambda _1x_1+4\lambda _2\\ 1+2\lambda _1x_2+\lambda _2 \end {pmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} 2+8\lambda _1x_1+4\lambda _2 &=0\\ 1+2\lambda _1x_2+\lambda _2&=0\\ \lambda _1(4x_1^2+x_2^2-2) &=0\\ \lambda _2(4x_1+x_2+3) &=0\\ 4x_1^2+x_2^2-2 &\leq 0\\ 4x_1+x_2+3 &\leq 0\\ \lambda _1, \lambda _2 &\geq 0 \end {aligned}\end {equation*}


$\fi \collect@body \wrap  \lambda _1 = 0, \lambda _2 = 0 \end {temp@env}\check@icr \expandafter \egroup \fi . From the first equation of stationarity, \( 2 = 0 \), which is a contradiction. So there are no KKT points in this case. \item \textbf {Case 2: \( \lambda _1 > 0, \lambda _2 = 0 \)}. Replacing$


$\fi \collect@body \wrap  2 = 0 \end {temp@env}, which is a contradiction. So there are no KKT points in this case. \item \textbf {Case 2: \( \lambda _1 > 0, \lambda _2 = 0 \)}. Replacing \tag_socket_use:n {math/end}$


$\fi \collect@body \wrap  \lambda _1 > 0, \lambda _2 = 0 \end {temp@env}\check@icr \expandafter \egroup \fi . Replacing \tag_socket_use:n {math/end}\tag_socket_use:n {math/end}$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\lambda _2=0$


\begin {equation*}\begin {aligned} 2+8\lambda _1x_1 &=0\\ 1+2\lambda _1x_2&=0. \end {aligned}\end {equation*}


$1/\lambda _1$


$\lambda _1 \neq 0$


\begin {equation*}\frac {1}{\lambda _1} = -4x_1 = -2x_2\end {equation*}


$x_2 = 2x_1$


$\lambda _1 > 0$


\begin {equation*}4x_1^2+x_2^2-2 = 0.\end {equation*}


$x_2 = 2x_1$


$8x_1^2 - 2 = 0$


$x_1^2 = \frac 14$


$x_1 = \pm \frac 12$


$(-\frac 12, -1)$


$(\frac 12, 1)$


$(-\frac 12, -1)$


$\lambda _1 = \frac {1}{2}$


$\lambda _2 = 0$


$(-\frac 12, -1)$


$(\frac 12, 1)$


$\lambda _1 = -\frac {1}{2}$


$\lambda _2 = 0$


$\lambda _1 > 0$


$(\frac 12, 1)$


$(-\frac 12, -1)$


$(-\frac 12, -1)$


$\fi \collect@body \wrap  \lambda _1 = 0, \lambda _2 > 0 \end {temp@env}\check@icr \expandafter \egroup \fi . Replacing$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\lambda _1=0$


\begin {equation*}\begin {aligned} 2+4\lambda _2 &=0\\ 1+\lambda _2&=0. \end {aligned}\end {equation*}


$\lambda _2 = -1$


$\lambda _2 > 0$


$\fi \collect@body \wrap  \lambda _1 > 0, \lambda _2 > 0 \end {temp@env}\check@icr \expandafter \egroup \fi . In this case, the complementary slackness conditions imply that$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}4x_1^2+x_2^2-2 = 0$


$4x_1+x_2+3 = 0$


$x_1$


$x_2$


$(-0.7,-0.2)$


$(-0.5,-1)$


$(-0.7,-0.2)$


$\lambda _1,\lambda _2$


$\lambda _1=-\frac {1}{2}$


$\lambda _2 = -\frac {6}{5}$


$\lambda _1, \lambda _2 > 0$


$(-0.7,-0.2)$


$(-0.5,-1)$


$\lambda _1 = \frac {1}{2}$


$\lambda _2 = 0$


$(-0.5,-1)$


\begin {equation*}\begin {aligned} \min &\quad x_1^3+x_2^3\\ \text {s.t.} & \quad x_1^2+x_2^2 \leq 1 \end {aligned}\end {equation*}


\begin {equation*}\begin {bmatrix}6x_1 & 0\\ 0 & 6x_2 \end {bmatrix}\end {equation*}


$\mathbf {x}$


$x_1 = -\frac 12$


$x_2 = \frac 12$


$x_1^2$


$x_2^2$


$\mathbb {R}^2$


$\hat {\mathbf {x}}$


$(0,0)$


$L = x_1^3+x_2^3+\lambda (x_1^2+x_2^2-1)$


\begin {equation*}\nabla L = \begin {pmatrix} 3x_1^2+2\lambda x_1\\ 3x_2^2+2\lambda x_2 \end {pmatrix}\end {equation*}


\begin {equation*}\begin {aligned} 3x_1^2+2\lambda x_1 &=0\\ 3x_2^2+2\lambda x_2&=0\\ \lambda (x_1^2+x_2^2-1) &=0\\ x_1^2+x_2^2 &\leq 1\\ \lambda & \geq 0 \end {aligned}\end {equation*}


$\fi \collect@body \wrap  \lambda = 0 \end {temp@env}\check@icr \expandafter \egroup \fi . By plugging$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\lambda = 0$


$\nabla L$


$3x_1^2 = 3x_2^2 = 0$


$x_1 = x_2 = 0$


$\fi \collect@body \wrap  \lambda > 0 \end {temp@env}\check@icr \expandafter \egroup \fi . By the complementary slackness condition, this implies that$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}x_1^2+x_2^2 = 1$


$\nabla L$


$x_1(3x_1+2\lambda ) = 0$


$x_2(3x_2+2\lambda ) = 0$


$x_1=0$


$x_2 = \pm 1$


$x_2 = 1$


$\nabla L$


$\lambda $


$(0, -1)$


$x_2=0$


$x_1 = \pm 1$


$x_1 = 1$


$\nabla L$


$\lambda $


$(-1, 0)$


$x_1, x_2\neq 0$


$3x_1+2\lambda = 3x_2+2\lambda = 0$


$x_1 = x_2 = \frac {-2\lambda }{3}$


$2\left (\frac {4\lambda ^2}{9}\right ) = 1$


$\lambda ^2 = \frac 98$


$\lambda \geq 0$


$\lambda = \frac {3}{\sqrt 8}$


$x_1 = x_2 = -\frac {2}{\sqrt {8}} = -\frac {1}{\sqrt 2}$


$(0,0)$


$(0,-1)$


$(-1,0)$


$(-\frac {1}{\sqrt 2}, -\frac {1}{\sqrt 2})$


\begin {equation*}\begin {aligned} f(0,0) &= 0\\ f(0,-1) &= -1\\ f(-1,0) &= -1\\ f\left (-\tfrac {1}{\sqrt 2}, -\tfrac {1}{\sqrt 2}\right ) &= -\frac {1}{\sqrt 2} \end {aligned}\end {equation*}


$(0,-1)$


$(-1,0)$


$-1$


\begin {equation*}\begin {aligned} \min &\quad x_1^4-x_2^2\\ \text {s.t.} & \quad x_1^2+x_2^2 \leq 1\\ & \quad 2x_2+1 \leq 0 \end {aligned}\end {equation*}


\begin {equation*}\begin {bmatrix}12x_1^2 & 0\\ 0 & -2 \end {bmatrix}\end {equation*}


$\mathbf {x}$


$x_1=1$


$x_1^2$


$x_2^2$


$\hat {\mathbf {x}}$


$(-0.6, -0.6)$


\begin {equation*}L = x_1^4-x_2^2+\lambda _1(x_1^2+x_2^2-1)+\lambda _2(2x_2+1)\end {equation*}


\begin {equation*}\nabla L = \begin {pmatrix} 4x_1^3+2\lambda _1x_1\\ -2x_1+2\lambda _1x_2+2\lambda _2 \end {pmatrix}\end {equation*}


\begin {equation*}\begin {aligned} 4x_1^3+2\lambda _1x_1&=0\\ -2x_1+2\lambda _1x_2+2\lambda _2&=0\\ \lambda _1(x_1^2+x_2^2-1) &= 0\\ \lambda _2(2x_2+1) &=0\\ x_1^2+x_2^2 \leq 1\\ 2x_2+1 \leq 0\\ \lambda _1, \lambda _2 \geq 0 \end {aligned}\end {equation*}


$\fi \collect@body \wrap  \lambda _1 = 0, \lambda _2 = 0 \end {temp@env}\check@icr \expandafter \egroup \fi  Plugging$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\lambda _1 =\lambda _2 = 0$


$x_1 =x_2 = 0$


$2x_2+1 \leq 0$


$\fi \collect@body \wrap  \lambda _1 = 0, \lambda _2 > 0 \end {temp@env}\check@icr \expandafter \egroup \fi  In this case, from the second complementary slackness condition,$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}2x_2+1 = 0$


$x_2 = -\frac 12$


$\nabla L$


$\lambda _2$


$\fi \collect@body \wrap  \lambda _1 > 0 \end {temp@env}\check@icr \expandafter \egroup \fi  From the first equation in$


$\tag_socket_use:n {math/inline/formula/end}\tag_socket_use:n {math/inline/end}\nabla L$


$x_1(4x_1^2+2\lambda _1) = 0$


$x_1 \neq 0$


$4x_1^2+2\lambda _1 = 0$


$\lambda _1$


$4x_1^2 > 0$


$x_1 = 0$


$x_1^2+x_2^2-1 = 0$


$x_2 = \pm 1$


$x_2 = 1$


$(0, -1)$


$(0,-1)$


$(0,-1)$



