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This Lecture

Topics:
@ The orthogonal projection operator

@ Projection on the non-negative orthant

e Projection on B0, r]
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Section 1

Orthogonal Projection Operator
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Orthogonal projection

Definition (Orthogonal projection operator) d(x,C) = min [|lx -y

Given a nonempty closed convex set C, the orthogonal = [|x — Po(x)]

<
projection operator P¢ : R” — C is defined by %O (6}
)

Pc(x) = argmin|ly — x> : y € C.

@ Returns the vector in C that is closest to input vector x.

@ |Is a convex optimization problem:

min  [ly — x||?

st. yeC.
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Convex optimization problems

Orthogonal projection: First projection theorem

Theorem (first projection theorem)

Let C be a nonempty closed convex set. Then the problem Pc(x) = argmin|ly — x|>:y € C

has a unique optimal solution.

e Computing Pc(x) can be difficult. Examples where it is easy to compute:
» Projection on non-negative orthant.
> Projection onto balls.
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Non-negative part of a vector

Definition (Non-negative part of a vector)

@ For a € R, the non-negative part of « is

(o] a, a>0
[0 =
7o, a<o.
o For a vector v € R”, the non-negative part
[vi]+
V2
of vis [v]4 = Ll
[Val+
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Orthogonal projection: Projection on the non-negative orthant

Let C = R’. To find the orthogonal projection of x € R" onto R} :

Pc(x) Equivalently, Separable
n
min [ly — x||? min Z(YI—XI)2 min (v — x;)°
st. yeC. i=1 st. y; >0.

s.t. )’17)/27"-,}/n20-

Definition (Separable convex optimization problems)

A convex optimization problem is called separable if the objective function and the constraints
can be decomposed into components that each depend on one control/decision variable:

@ Objective function: f(x) = >_ fi(x;).
e Constraint(s): g(x) =>_ gi(x;), or {gi(x;)}i
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Orthogonal projection: Projection on the non-negative orthant

Let C = R'}. The orthogonal projection of

Orthogonal projection onto R”
x€R"onto RT. ={y e R"|y; >0Vi}is - Rro) *

The orthogonal projection operator onto

min  (y; — x;)? R is
st. y;>0. PRi = [x]+.

X e PC (X)
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Orthogonal projection: Projection onto balls

Let C = B[0,r] = {y: |ly < r}. The projection of x onto C is

min{[ly = x||* : [lyl|* < r*}

x| < [ >
>
Pp(x) =x Pg(x) € boundary(BJ0,7])
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Groups - Round 4

Group 1 Group 4
Michal, Joseph, Saitej,  Lowell, Tianjian, Aidan,
Dev Anthony
Group 2 Group 5
Kyle, Dori, Shanze, Jack  Abigail, Breena, Arjun,
Group 3 Luis
Noah, Daniel, Lora, Group 6
Scott Purvi, Atticus, Andrew,
Vinod
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Group 7
Yousif, Jay, Arya,
Morgan

Group 8

Jonid, Jake, Dominic,

Maye

Group 9
Alice, K M Tausif,
Monirul Amin, Ha
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Group 10
Jamie, Zheng, Aaron,
Long
Group 11
Lauryn, Karen,
Sanskaar, Braedon
Group 12
Sai, Brandon, Igor,
Quang Minh
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