Name: Present group members:

Worksheet 6-2: Q1
Indicate whether each of the given sets is a cone. If the set is a cone, indicate whether it is a convex
cone or not. You must justify your answers.

(a)

S ={(z,|2]) | v € R}

N\ 4
N\ 7/

For any positve X > 0, the point (Ax, | x|) = Az, |z|) is in the set, so this is a cone.

We have a theorem that a cone is conver if and only if X +y is in the set for any X,y in the
set. Consider the points (—1,1) and (1,1), which are both in the set. But their sum is (0,2),
which is not in the set. So this is not a convex cone.

Fix mq1, mo € R that are not equal to each other, mj # ms.
S={(z,y) €R} |y <miz and y > max}
m1x
1
moX

For any A > 0, if (x,y) is in the set we know that y < mix and y > mox for some mi, mg € R.

Then Ax,y) = (A\x, \y), and multiplying the inequalities above by A (allowed because X > 0),
Ay < mpdz and Ay > madz. So (Axz, \y) is in the set when (x,y) in the set. So this is a
cone.

For convex cone, pick two points (x1,y1) and (x2,y2) in the set. So

y1 < mixy and Yy > maoxy

>
y2 < myzo and yo >

Mmoo
Then add the equations above to get

Y1+ ye <mizy +miry = Y1+ y2 < ma(z1 + x2)

Y1 + Y2 > mox1 + moxs = Y1 + yo > mao(x1 + x2)

This means (x1 + x2,y1 + y2) is in the set. So S is a convex cone.



() S={(z,y) | <0,y >0} U{(x,y) |z >0,y <0}

e FEach quadrant is a cone: for any X\ > 0, if (x,y) is in the first quadrant, then \(x,y) is
in the first quadrant. Similarly for the third quadrant. So each quadrant is a cone.

e The union of cones is a cone, so S is a cone.

e However, S is not a convex cone. Consider the points (0,1) and (1,0), which are both
in the set. But their sum is (1,1), which is not in the set. So this is not a convex cone.

(d) The shown region (curved boundary on the bottom means it goes on forever in that direction).

e This is the union of two cones (one is a quadrant, the other is of the form of part (b)),
so this is a cone.
e Again, not a convex cone. Pick a point on the y-axis like (0,1) and the other on the top

blue line of the bottom cone. Then the line between them is not in the set. So this is not
a conver cone.



(e) Lorentz cone: {(x1,72,y) € R? | ||(z1,22)|| <y}

)

x/Nz

For any A > 0, if (x1,x2,t) is in the set, then A (x1,x2,t) = (Ax1, A\x2, At) is in the
set because ||(Ax1, Ax2)|| < |M||[(z1,22)]| (allowed to multiply the inequality by A because
A >0). So this is a cone.

For convex cone, pick two points (a1,b1,t1) and (az, ba,t2) in the set.
So H(al,bl)H S tl and H(ag,bg)H S tQ.

Add the equations above and use the triangle inequality from the definition of norms to
get
[(a1 + az, b1 + ba) || < [[(a1, b1)l| + [[(az, b2)[| < 1+ to.

So (a1 + ag, by + by, t1 + t2) is in the set, which means S is a convexr cone.

{(z,y) €R? |y > |[}.
y

For any A > 0, if (z,y) is in the set, then Nx,y) = (Az,\y) is in the set because
Ay > |A\x| (allowed to multiply the inequality by A because A > 0). So this is a cone.

For convex cone, pick two points (x1,y1) and (xe,y2) in the set. So y1 > |z1| and
y2 > |xa|. Then add the equations above to get y1 + y2 > |x1| + |xa| > |x1 + 22| (by
triangle inequality). So (x1 + xo,y1 + y2) is in the set. So S is a convex cone.



(g) {0 €R"}

e The only point in the set is 0, and X -0 =0, so this is (technically) a cone.

e Same trick, for any x,y € S (where now x and y both have to be 0), x +y = 0 so it is
also in the set. So this is a convex cone.



