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Topics covered

@ Topological concepts

» Open and closed sets

> Interior and boundary points
> Level sets

» Bounded and compact sets

o Differentiability

» Hessian
» directional derivative
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Section 1

Topological concepts
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Open and closed balls

Definition

For a choice of norm | - || on R", the
open ball of radius r > 0 centered at
c € R" is defined as

B(c,r) :={xeR": |x—c| < r}.

The closed ball of radius r > 0 centered
at ¢ € R" is defined as

Ble,r] :={xeR":||x —c|| < r}.

Note: Assume Euclidean norm unless told
otherwise.
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Important subsets of R”

@ Nonnegative orthant:

Rf ={xeR":x;,>0,i=1,...,n}
o Positive orthant:

R, ={xeR":x,>0,i=1,...,n}
@ Closed line segment:

[x,y] = {Ax+(1—=MN)y:Xe€][0,1]}
@ Open line segment:

(x,y) ={Ax+(1—-ANy: A€ (0,1)}
@ Unit-simplex:

Ap,={xeR}:>7", x=1}
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Interior points

Definition

Given a set U CR", a point c € U is an

interior point of U if there exists an open Examples:
ball B(c, r) for some r > 0 such that . -

B(c,r) C U. e int(BJc, r]) = B(c,r)

o int(R7) =R7
The set of all interior points of U is called

the interior of U and is denoted by
int(V).
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Open sets

Examples:
Definition e B(c,r) is open
A set U C R" is open if every point in U ° B[c., r] is not open
is an interior point of U, i.e., for every e R" is open
c € U, there exists an open ball B(c, r) @ Union of open sets is open
such that B(c, r) € U. @ Finite intersection of open sets is

open
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Boundary points

Definition

Given a set U C R”, a point ¢ € R” is a boundary
point of U if for every r > 0, the open ball B(c, r)
contains at least one point in U and at least one
point not in U.
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Closed set

Definition
A set U C R" is closed if Examples:
@ it contains all the limits of convergent e Bjc,r] is closed
sequences @ Closed line segment [x,y] is closed

@ its complement
Us=R"\U={xeR"|x & U}
is open

e RY is closed

@ The unit simplex A, is closed

@ it contains all its boundary points

Dr. Munch (MSU-CMSE) 1-3 Fri, Jan 16, 2026 10 /22



Levelsets

Proposition

Let f be a continuous function defined
over a closed set S CR". Then for any
o € R, the sublevel set and contour sets

o Lev(f,a) ={x€S:f(x) <a}, and
e Con(f,a)={xeS:f(x)=a},

are closed. )
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https://www.desmos.com/3d/rdxctxv0uo

Bounded and compact

Definition

A set U C R" is bounded if there exists a
real number M > 0 such that ||x|| < M
for all x € U.

A set U C R" is compact if it is closed
and bounded. )
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Section 2

Differentiability
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Gradient

Scalar-valued function

@ A function f is continuously

Dl differentiable over an open set
The gradient of a scalar-valued function U if the gradient exists and is
f:R" — R at x is defined as continuous on U.

Ge (i) e A function f is twice
VF(x):= 8X2_ continuously differentiable

: over an open set U if the

gxfn (x) gradient is continuously
The operator V is read ‘nabla’ or ‘del,” and g—; differentiable on U; or if you can
is the ith partial derivative of f at x. take all second partial derivatives

v

and they are continuous on U.
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Directional Derivative

Scalar-valued function

Definition
The directional derivative of f : R” — R at x along
the direction d is defined as f'(x;d) = Vf(x) d.

@ Gives the instantaneous rate of change of f along
direction v through point x.
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Hessian

Scalar-valued function

Definition
The Hessian of a scalar-valued function f : R” — R at x is defined as the n X n symmetric
matrix
[ 9% ’f
Ox2 Ox10x2
> f o°f

V2f(x) = Hy(x) = | 7270 29

O%f O*f
| OxnOx1  OxpOx2

@ The order of the partial derivatives does not matter: o°f

0x;0x;

= Bx0x;

9%f 1
Ox10xn
O%f
Ox00xp

2f
Ox2

- X

o2f
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Hessian
Example: The Hessian of f(x,y) = x + 2xy — y* + 3 at the point (1,1).

@ We can calculate the gradient first:
(] _[1+ 2y]
("] Vf X) = 3 =
(x) [%}f(x)] [2x — 2y .

@ Taking the derivatives of these entries again gives the Hessian:

o ot 0 2
VA (x) = [ “] -2 3
OyOx  0y? |4 X

@ So the Hessian at (1, 1) (or for any plugged in point since everything is

a constant!) is 0 2
2 =2
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Linear approximation theorem

Theorem (Linear Approximation Theorem)

o Let f: U— R be a twice continuously differentiable
function over an open set U C R”",

o Letxe U, r > 0 satisfy B(x,r) C U.
Then for any'y € B(x, r) there exists £ € [x,y] such that

Fy) = ) + VF(x)T(y ) + 5y ) T F(E)ly %)

V.
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Linear approximation visual

@ UoR

o LW =5 () + 56 (5-3)

S8k,

Fy) = ) + V()T (y ) + 5y )T PF(E)ly %)
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Quadratic approximation theorem

Theorem (Quadratic Approximation Theorem)

o Let f: U — R be a twice continuously differentiable function over

an open set U C R".
o Letxe U, r > 0 satisfy B(x,r) C U.
Then for any'y € B(x,r)

Fly) = f(x) +VF(x)T(y —x)+ 1(y —x) TV (x)(y —x) +o(lly —x|?).

2

v
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Group Work Time

@ Find and download the worksheet
from the course website.

@ In the last 10 minutes of class, you
will upload your completed worksheet
to D2L. Note: graded on completion
only.
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Next time

@ Quiz 1 on Wednesday, Jan 21.

@ Cheat sheet allowed.
» One 8.5 x 11 inch sheet of paper, front and
back.
» Handwritten only.

@ Check course webpage for videos
urse webpag Vi » Cannot be duplicate/photocopy/etc of

and reading for next class )
someone else’s work.
@ Office hours will be scheduled for » You will turn this in with your quiz.
next week » Failure to follow these rules will result in a

10% deduction on the quiz.
e Calculator allowed (no internet)

o Note: Lowest grade dropped at end of
semester.
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