Name: Present group members:

Worksheet 10-1: Q1
Let m,n = 2, and the matrices

6 3 3
byl
1. The first possibility from Farkas’ lemma, is that there exists x € R? such that Ax < 0 and
cfx>0.

(a) Write down the system of inequalities implied by Ax < 0. Use Desmos to sketch the
region defined by these inequalities.

(b) Write down the inequality implied by ¢x > 0. Draw this restriction on the same Desmos
plot.

(c) Does there exist x € R? such that Ax < 0 and ¢!'x > 0?7 Justify your answer using the
Desmos plot.

2. The second possibility from Farkas’ lemma is that there exists y € R? such that ATy = ¢
and y > 0.

(a) Write down the system of equations implied by ATy = c. Plot the solution these
equations in a new Desmos plot.

(b) Is there a solution y > 0 to the equations above? Use your Desmos plot to justify.



(c) Based on the last page, which of the two possibilities from Farkas’ lemma holds for the
matrices A and c above? Justify your answer.

(d) Repeat the previous part for the matrices

6 3 1
Sl IR
Which of the two possibilities from Farkas’ lemma holds for the matrices A and d above?
Justify your answer.



Worksheet 10-1: Q2 Find the stationary point(s) for
1
mini (x% +x%+x§) st.x1+x0+x3=3
by following the steps below.

(a) Determine f, A, b, C, and d to write the problem in standard form,

min f(x) st. Ax<b, Cx=d.

(b) Write down the Lagrangian function,

(c) Write down the KKT condition (also called the stationarity condition).



(d) Write down the feasibility constraints.

(e) Solve for the stationary point(s) by solving the stationarity and feasibility constraints to-
gether.

(f) Is the stationary point(s) optimal? Justify your answer.



Worksheet 10-1: Q3
Consider the problem

minimize x% + 2x% + 4x12x9
T1,T2

subject to x1 +x2 =1,

1,22 > 0

(a) Is this problem covex? Justify your answer.

(b) Recall the Generalized Extreme Value Theorem:

Theorem 1 (GEVT). If f : U — R is a continuous function and U C R"™ is compact, then f is
bounded and there exists x*,x, € U such that f(x*) = supycy f(x) and f(x) = infxep f(x).

Use the GEVT to argue that there exists an optimal solution to the problem above.

(c¢) Find the Lagrangian.



(d) Write down the stationarity KKT condition.

(e) Write down the complementary slackness conditions.

(f) Write down the feasibility conditions from the problem constraints.

(g) Write down the feasibility conditions for each of the As.



(h) From everything above, copy down the 9 total equations/inequalities to be satisfied by an
optimal solution.

(i) This problem involves multiple options for A\; and \y. We will address each of them separately.
(i) Take the case \y = Ay = 0. Use the slackness conditions to solve for z1, and 5. Is the
solution consistent with the constraints?

(ii) Take the case A1, A2 > 0. Use the slackness conditions to solve for z1, and x9. Is the
solution consistent with the constraints?



(iii) Take the case A1 > 0,2 = 0. Use the slackness conditions to solve for z1, and xy. Is
the solution consistent with the constraints?

(iv) Take the case A\; = 0, Ay > 0. Use the slackness conditions to solve for x1, and xs. Is
the solution consistent with the constraints?



(j) Write down the KKT points you found above (there should be two of them).

(k) Can you use the KKT theorem to determine which of the points you found above is a local
optimal solution of the problem? Justify your answer.

(1) Which of the two points is the global optimal solution of the problem? Justify your answer.



