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Polynomial regression
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Step function regression

CO(X) = I(X < Cl), &
Cl(X) = I(Cl §X<CQ), §_
Cy(X) = I(c2 £ X <), g
= 3 |
CK_l(X) = I(CK_l <X < CK), ,8 _
CK(X) = I(CK < X),
yi = Bo+P1Cu(xi)+B2 Ca(xi)+ - -+ Bk C (xi)+ei
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Classification version
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Basis Functions Setup

Polynomial and piecewise-constant regression models are special cases of a basis function
approach.

Yi = Bo + Bib1(x;) + Baba(x;) + - - - + Brbk(xi) + i
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What will you learn today?

@ How to define cubic splines mathematically in terms of piecewise polynomials? (review)

» Write the equations for the model on each interval between knots.
» Write the continuity constraints (function, first and second derivatives) at each knot.
» Compute the total degrees of freedom.

@ How to define cubic splines in terms of basis functions?
» Describe them mathematically using the truncated power basis (textbook version).
» Visualize them as B-spline basis functions (e.g., in Python / scikit-learn).
@ How to fit a cubic spline model to data in Python?
@ How to change the model flexibility?
» What are the relevant metaparameters?
» How to choose appropriate flexibility?

@ What precautions must you take at the outer boundary? Why?

(MSU-CMSE) Mon, Mar 23, 2026 8/22



Section 2

Regression Splines
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Piecewise polynomials

o Fit a polynomial regression

Vi = Bo+Bixi+Bax? 4+ Bax? +¢;

@ Let the §;'s be different at different
locations of the range.
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Building up to cubic splines
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Cubic splines: degrees of freedom

Cubic Spline
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Spline basis representation

Want to pick b; so that we represent a cubic spline with K
knots as

Yi = Bo + Bib1(x;) + Baba(x;) + - - - + Brysbrys(xi) + i
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Version 1: Truncated power basis function

(x—2)% ifx>z

h(x,z) = (x—z)3 = {

0 else

Desmos link: https://www.desmos.
com/calculator/ahllubglar
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https://www.desmos.com/calculator/ahllu5glar
https://www.desmos.com/calculator/ahllu5glar

The (book) basis for cubic splines

Given knots at zy, - , zxk
X
X2
X3
h(X, z1)
h(X, z2)

h(X, zk)

F(X) = Bo + BiX + BoX? + B3X3 + Bah(X, z1) + Bsh(X, z2) + - + Brrsh(X, zk)
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Version 2: B-spline basis function

SplineTransformer
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https://PollEv.com/multiple_choice_polls/Gp52CnUE1IfS0SnzSiu5R/respond

Coding example
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Notes on cubic splines
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Where to put the knots?
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How many knots to use?
When in doubt, Cross-Validate.
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Cubic splines vs Polynomial Regression

o = Natural Cubic Spline
8 —— Polynomial
=}
D -
Y
=}
S 4
o W
g
o
= B4
=}
3 4
o |
o}

Mon, Mar 23, 2026 21/22



Next time

21 W | 318 Polynomial & Step Functions  7.1-7.2
2 Bl o gmindemies rers
23 M 323 Regression Splines 7.4
24 W 325 Decision Trees 8.1 a7
25 - 3127 Random Forests 821,822 HW #5 Due
26 M 330  Maximal Margin Classifier 9.1 Sun 3/29
7 W oan sve 92 a8
28 NN a3 sYM 93,94
29 M 46 Single Layer NN 104
0 W 48 Multi Layer NN 102 Q9
31 R 410 CNN 103 LW 6 Due
32 M ans  Unsupenisedleaming/ o sunanz
clustering
33 W 415  Virtual: Project Office Hours at
DB a7 Review
M 4120 Midterm #3
w422
BEN 424 Prolect Due

Mon, Mar 23, 2026 22/22



	Previously
	Regression Splines

