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Announcements

Last time:

7.1 Polynomial regression

7.2 Step functions
Announcements:

@ HW #6 Due Sunday

@ Exam 2 graded. What worked?
PollEv

This lecture:

7.2 Step functions

7.3 Basis functions

7.4 Regression Splines (Finish next
lecture)
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https://PollEv.com/multiple_choice_polls/9vANQyoPcWiwin31KwCko/respond

Section 1

Last time
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Polynomial regression

Replace linear model
yi = Po+ Bixa+ &
with

Vi = Bo+ Bixi + Bax? 4 -+ Baxf + ¢
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Example with wage data
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—184.1542 + 21.24552 % age + —0.56386 * age® 4+ 0.00681 % age® + —3e — 05 * age*
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Step functions

Co(X) = I(X <cy),
C1(X) = I(cn <X <),

e (X <c¢) Cy(X) = I(e2 <X <c3),

o [(a < X< ;

°I(C§X) CK_l(X) = I(CK—1§X<CK)5
CK(X) = I(CK SX),

Learned model:

yi = Bo + B1Ci(x;) + B2 Caxi) + - - - + B Ck (x;) + &
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Example: Cut points at -4, -1, 3, 6

Co(X)

G (X)

G(X)

Ca(X)

G(X)
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Step function example
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What will you learn today?

@ How to fit step function models for classification problems?
> You should also be able to implement them in Python.
@ What are basis functions?
» You should be able to articulate what the basis functions b; are for different models that we
have covered.
» Examples include polynomial, step functions, and cubic splines.
@ What is the purpose of using basis functions?
» How do they influence model flexibility?
» How does this purpose manifest in different models, such as regression splines?
@ How to define cubic splines mathematically?

» You should be able to write down the equations for the model between knots.
» And the equations for constraints at the knots.

@ How to calculate the cubic spline coefficients by hand by applying the above
mathematical definitions?

Dr. Zhang (MSU-CMSE) Mon, Oct 27, 2025 9/25



Section 2

Classification versions
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Remember logisitic regression?

_ €
Y71 +e*
ePfotpLX
2 p(X) = 11 efothiX
i | Multiple features:
= B0+ BLX1+-+BpXo
o . : ; " pX) = 1 + eBotBiXut+5pX,
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Classification version: Polynomial regression

Pr(y: > 250 | x;) = —PWJo - fuxit -+ Bax{)
I Y 14+ exp(Bo + Buxi + o+ Bax?)

0.20
|

'
'
1
[
'
'
1
1
1
1

Pr(Wage>250 | Age)
0.10
I

0.00
|

Mon, Oct 27, 2025 12 /25

Dr. Zhang (MSU-CMSE)



Classification version: Step functions

_ N exp(Bo+ BLG(xi) + B2Ca(xi) + - - + Bk Ck (%))
Privi > 250 x) = L+ exp(Bo + B1Ci(xi) + B2Cax;) + -+ - + Bk Ck(x7))
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Coding bit: classification version
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A few more comments on step functions

@ Gives the chance to break up the
domain, avoid forcing global structure

@ Need to make decisions about the ¢;.
A bit arbitrary unless your data has
natural breakpoints.

@ Popular in biostats and epidemiology
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Section 3

Basis functions
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Basis Functions Setup

Polynomial and piecewise-constant regression models are special cases of a basis function
approach.

Yi = Bo + Bib1(x;) + Baba(x;) + - - - + Brbk(xi) + i
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Section 4

Regression Splines
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Piecewise polynomials

o Fit a polynomial regression

Vi = Bo+Bixi+Bax? 4+ Bax? +¢;

@ Let the §;'s be different at different
locations of the range.
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Example of piecewise polynomial

Piecewise Cubic

Example:

2 | :
a \_/\ i = Bor + Brix; + /321%2 + /33137;3 +e ifx;<c
4 : ! Boz + Biaxi + Paox? + Baoxi + & if 1 > c.
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The fix

Continuous Piecewise Cubic

Wage
150
!

o Fit piecewise polynomial

@ Require continuity at knots

100
1

50
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The better fix: Cubic splines

Cubic Spline

250
1

o Fit piecewise polynomial

@ Require continuity at knots
@ Require the first and second 7 f\
derivatives to be continuous at knots 0
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Test your understanding: PollEv
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Example

We have the following piecewise cubic
polynomial:

f(x) 2+ x+x240.1x3 x<1
X) =
by + bix + box2 —x3 x>1

What are by, by, and by to make this a /
cubic spline?

Check your answers: www.desmos.com /calculator/kbm0zivqco
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https://www.desmos.com/calculator/kbm0zivqco

More space for work

F(x) 2+ x+x?+0.1x3 x<1
X) =
bo + bix + box2 —x3 x>1
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Next time
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